MATH3705 Tutorial 3

1. Consider the DE: y" 4+ 2zy' +y = 0.
(a) Find the general solution of the equation about zy = 0.
(b) Solve the initial-value problem if y(0) = 2 and '(0) = —3.

Solution: (a) 1) Consider singularities: none. So we shall attempt to find a solution in

the form of an infinite series.
2) Let y = > ,a,z™. Then
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2. Find the general solution for x # 0.
(a) 2%y" — 3xy — 12y =0
Solution: The indicial equation is
r?—4r —12=0,=1r=—2,6.
The general solution is
y(x) = cilz[ 7 + ol

(b) 4x?y” — 162y’ + 25y =0

Solution: We change the equation to z%y” — 4xy’ + %y = 0. The indicial equation is
r? —5r 4252 =0,=r =25
The general solution is

y(@) = cr2]*? + colz[** In Ja.

(c) 2%y" + 92y + 1Ty =0
Solution: The indicial equation is

P48 +17=0,=r=—4+i.
The general solution is

y(x) = 01]91:\’4 cos(In |z|) + (:2|31:|’4 sin(In |z|).

3. Find the general solution of
202 + Ty + (3+22)y=0  (I1.1)

for z > 0 near xy = 0.

Solution: Step 1: Determine whether xq = 0 is an ordinary point or a regular singular
point. Write the equation as

7T, 342
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We have
rp(r) = 3.5, 2%q(z) = 1.5 + z.

So g = 0 is a regular singular point.

Step 2: Find and solve the indicial equation. Note that po = 3.5, gy = 1.5. The indicial

equation is:
P+ po—Dr+qgp=0=r*+25r+15=0.=r =—1,r, = —15.

Note that r; — ro = 0.5, so we have Case (i).

Step 3: Find the recursive relation about ¢,(r). Let

icn " e(r)=1.=
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Substitute them into (II.1) we have
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n=1

(2r +3)(r+ Dlco(r) =0, [2n+2r+3)(n+7r+ 1)]c,(r) + 2¢,-1 =0,n > 1.

Since ¢o(r) = 1 # 0, the above first equation results in our indicial equation (2r + 3)(r +

1) = 0. The second equation gives

-2
2n+2r+3)(n+r+ 1)Cn_

cn(r) = 1(r),n>1. (I1.3)
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Step 4: Find y;. Take r =1 = —1, by (I1.3),
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Step 5: Find ys. Take r = ry = —1.5, by (I1.3),
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Step 6: The general solution is y(z) = c1y1 + cay2, where ¢; and ¢y are constants.

. Find two linearly independent solutions z2y"(z) + zy/(z) + (32? — 4)y(x) = 0, valid for
x > 0:

Solution: Note that A2 =3 and 12 =4, = X\ = V3 and v = 2. Hence

yi(z) = L(V3z), p(z) = Ya(V3a).



